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Intermetallic compounds are known to form continu-
ous layers at phase interfaces in the course of many
technological processes such as hot-dip protective coat-
ing of solid surfaces with metals, soldering, welding of
dissimilar metals and alloys, sintering in the presence
of the liquid phase, making very-large-scale-integrated
circuits, etc. [1–4]. The diffusional growth kinetics of
intermetallic layers are usually treated using parabolic
equations of the type x2 = 2kt, where x is the layer
thickness, k is the layer growth-rate constant and t is
the time [5–7]. For sufficiently thick layers, such equa-
tions produce quite a satisfactory fit to the experimental
data.

However, growth kinetics of the Ap Bq and Ar Bs lay-
ers at the diffusional stage of their formation at the in-
terface between simple substances A and B (Fig. 1) are
somewhat more complicated and described by a system
of two non-linear equations [8]
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where x is the Ap Bq layer thickness, y is the Ar Bs layer
thickness, kA is the Ap Bq layer growth-rate constant, kB
is the Ar Bs layer growth-rate constant and g is the ratio
of the molar volumes of the Ap Bq and Ar Bs compounds.

As shown in Fig. 1, under conditions of diffusion con-
trol the Ap Bq layer grows at the expense of diffusion of
the A atoms across its bulk and their subsequent reac-
tion with the Ar Bs compound. As a result, its thickness
increases during dt by dxA2. The Ar Bs layer grows at the
expense of diffusion of the B atoms across its bulk and
their further reaction with the Ap Bq compound. During
the same time dt , its thickness increases by dyB2. Since
the Ap Bq and Ar Bs compounds are consumed in the for-
mation of each other, the thickness of the Ap Bq layer
simultaneously decreases by dx–, while that of theAr Bs
layer by dy–. The net change of the Ap Bq layer thick-
ness during dt is the difference between dxA2 and dx–,
while that of the Ar Bs layer thickness is the difference
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between dyB2 and dy–. Therefore, Equations 1a and 1b
contain two terms on their right-hand parts.

Both layers thicken at their common interface 2.
Hence, the distance from an inert marker inside the
Ap Bq layer to this interface increases with passing time,
whereas that from the marker to interface 1 remains
unchanged. Again, the distance from an inert marker
inside the Ar Bs layer to interface 2 increases with time,
whereas that from the marker to interface 3 remains the
same.

An obvious criterion for the applicability of the sys-
tem of Equations 1 is the constancy of kA and kB
over a given range of time. For the sake of illus-
tration, the experimental data on the growth kinet-
ics of the Al3Mg2(Ap Bq) and Al12Mg17 (Ar Bs) lay-
ers by Tanguep Njiokep et al. [9] can be used. Both
intermetallic-compound layers were found to grow si-
multaneously at the interface between aluminum and
magnesium. Their formation is likely to be due to par-
tial chemical reactions

27Aldif + 2Al12Mg17 = 17Al3Mg2 (2a)

and

9Mgdif + 4Al3Mg2 = Al12Mg17 (2b)

taking place at their common interface.
A plot of layer thickness against annealing time of

Al–Mg diffusion couples at a temperature of 400 ◦C, ac-
cording to the data of Tanguep Njiokep et al., as shown
in Fig. 2. The parabolic constant k is 1.57 × 10−13 m2

s−1 for the Al3Mg2 compound and 1.63 × 10−14 m2

s−1 for the Al12Mg17 compound. From these, smoother
layer thickness-time dependences, x − t and y − t ,
were calculated. Then, the data thus obtained were
treated using the system of Equations 1. The value
of g was estimated from the densities of the Al3Mg2
and Al12Mg17 compounds [10, 11] as 0.94. The values
of kA and kB were found to be 3.40 × 10−13 m2 s−1

and 9.37 × 10−14 m2 s−1, respectively (Table I). These
remain unchanged in the 3.0 × 104–2.6 × 106 s time
range.
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Figure 1 Schematic diagram to illustrate the growth process of two
intermetallic-compound layers under conditions of diffusion control.
Only component A is diffusing across the Ap Bq layer, while only com-
ponent B is diffusing across the Ar Bs layer. Both layers thicken at their
common interface 2. No reactions take place at interfaces 1 and 3 in view
of the lack of appropriate diffusing atoms. The symbol � designates an
inert marker.

Figure 2 Plots of layer thickness against annealing time of Al–Mg dif-
fusion couples at 400 ◦C according to the data of Tanguep Njiokep et al.
[9]. 1, Al3Mg2; 2, Al12Mg17.

Hence, in the case under consideration both the
parabolic relations and the system of Equations 1
adequately describe the layer growth kinetics. It should
be noted, however, that generally the growth kinetics of
two compound layers are not strictly parabolic. More-
over, from the system of Equations 1 it follows that

T ABL E I Calculations of diffusional constants kA and kB for the
Al3Mg2 (Ap Bq) and Al12Mg17 (Ar Bs) intermetallic-compound layers
using the smoothed experimental data of Tanguep Njiokep et al. [9]

t x y kA kB

(×103 s) (×10–4 m) (×10–4 m) (×10–13 m2 s–1) (×10–14 m2 s–1)

30 0.97 0.31 3.40 9.37
75 1.54 0.49 3.40 9.37

170 2.31 0.74 3.40 9.37
255 2.83 0.91 3.40 9.37
340 3.27 1.05 3.40 9.37
425 3.66 1.18 3.40 9.37
600 4.34 1.40 3.40 9.37
865 5.21 1.68 3.40 9.37

1205 6.15 1.98 3.40 9.37
1525 6.92 2.23 3.40 9.37
2596 9.03 2.91 3.40 9.37

Calculated values: kA = 3.40 × 10−13 m2 s−1, kB = 9.37 × 10−14

m2 s−1.

one of them can shrink, while the other will grow. This
happens if their initial thicknesses, x0 and y0, are such
that, for example, the derivative (dx/dt)t=t0 is nega-
tive and the derivative (dy/dt)t=t0 is positive. Then, the
thickness of the Ap Bq layer will decrease, while the
thickness of the Ar Bs layer will increase until the x/y
ratio falls into the range defined by the inequality
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Subsequently, both layers will grow simultaneously.
Thus, the y − x phase plane [12–14] is divided into

three regions, as shown in Fig. 3. In regions I and III
the thickness of one of the layers increases and that of
the other decreases. In region II the thickness of both
layers increases.

Region I is separated from region II by the nodal
line 1

y = sgkB

qkA
x . (4)

To obtain this equation, it suffices to put dx /dt = 0 in
Equation 1a. The nodal line 2 between the regions II
and III is the straight line

y = rgkB

pkA
x, (5)

which is obtained from Equation 1b by putting
dy/dt = 0.

If the initial thicknesses of the Ap Bq and Ar Bs layers
correspond to any point in region I, then with passing
time theAp Bq layer will grow, whereas the Ar Bs layer
will shrink until the phase trajectory indicating the di-
rection of growth enters region II, in which both layers
will grow. If these thicknesses correspond to any point
in region III, then the Ar Bs layer will grow, whereas the
Ap Bq layer will shrink again until the phase trajectory
enters region II where both layers will grow. If the initial

Figure 3 The y − x phase plane in the diffusional stage of formation of
two compound layers. The nodal lines 1 and 2 separate the phase plane
into three regions. In regions I and III the thickness of one of the layers
increases, while that of the other decreases. In region II both layers grow
simultaneously. The arrows at phase trajectories indicate the direction of
variation of the layer thicknesses with increasing time.
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T ABL E I I Calculations of diffusional constants kA and kB for the
Al3Mg2 (Ap Bq) and Al12Mg17 (Ar Bs) intermetallic-compound layers
using the initial experimental data of Tanguep Njiokep et al. [9]

t x y kA kB

(×103 s) (×10–4 m) (×10–4 m) (×10–13 m2 s–1) (×10–14 m2 s–1)

30 0.58 0.03
75 1.58 0.18 5.06 4.71

170 2.43 0.53 4.70 9.32
255 3.08 0.88 4.84 12.10
340 3.63 0.98 4.40 9.26
425 4.13 1.03 4.11 8.42
600 4.78 1.33 4.13 9.77
865 5.93 1.53 4.27 9.38

1205 6.73 1.98 4.40 11.20
1525 7.88 2.23 4.53 10.50
2596 10.00 2.73

Average calculated values: kA = 4.49 × 10−13 m2 s−1, kB = 9.41 ×
10−14m2 s−1.

thicknesses of the Ap Bq and Ar Bs layers correspond to
any point in region II, then the Ap Bq and Ar Bs layers
will grow simultaneously from the very beginning of
isothermal annealing of an A − Ap Bq–Ar Bs − B spec-
imen.

Both trajectories are seen to asymptotically tend with
increasing time to a straight line corresponding to a
constant ratio of the layer thicknesses. Whenever these
are sufficiently close to this line, the parabolic growth
law becomes a good approximation for both layers and
therefore can be employed to treat the experimental
kinetic data.

During the natural course of the process of forma-
tion of the Ap Bq and Ar Bs layers between elementary
substances A and B, when an A − B specimen is given
to itself at constant temperature and pressure, a correct
ratio of their thicknesses is established automatically.
However, if an A − Ap Bq − Ar Bs − B specimen was
prepared artificially, this ratio can hardly be expected
to be correct. During its subsequent isothermal anneal-
ing, one of the intermetallic-compound layers will in-
evitably shrink and may even disappear completely.

For comparisons, the constants kA and kB were also
calculated directly using initial experimental values
of layer thicknesses listed in Table II. These were
read from a graph, as shown in Fig. 2, because tab-
ulated values are lacking in the work of Tanguep
Njiokep et al. The derivatives, dx /dt and dy/dt , at each
value of time were found by the numerical three-point
method. The average value of kA was determined to be
4.49 × 10−13 m2 s−1 and that of kB 9.41 × 10−14 m2

s−1. Comparing these with the previous values kA =
3.40 × 10−13 m2 s−1 and kB = 9.37 × 10−14 m2 s−1, it
may be concluded that both sets of the constants kA and

kB agree fairly well, providing evidence for the validity
of the analytical treatment proposed.

As seen in Table II, the results of calculations using
the system of Equations 1 are strongly dependent upon
the accuracy of measuring layer thicknesses, especially
in the initial abruptly ascending portion of any layer
thickness-time dependence. Approximations of exper-
imental data with any suitable analytical functions are
therefore advisable to obtain more accurate values of
kA and kB.

Physically, the value of kA thus obtained is the
reaction-diffusion coefficient, DAl, of aluminum atoms
in the Al3Mg2 compound lattice, whereas the value
of kB is the reaction-diffusion coefficient, DMg, of
magnesium atoms in the Al12Mg17 compound lat-
tice. Note that reaction-diffusion coefficients are al-
ways much greater than appropriate self-diffusion
coefficients [15].
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